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We study the interaction between graphene and a single-molecule-magnet, [Fe4(L)2(dpm)6]. Fo-
cusing on the closest Iron ion in a hollow position with respect to the graphene sheet, we derive a
channel selective tunneling Hamiltonian, that couples different d orbitals of the Iron atom to precise
independent combinations of sublattice and valley degrees of freedom of the electrons in graphene.
When looking at the spin-spin interaction between the molecule and the graphene electrons, close
to the Dirac point the channel selectivity results in a channel decoupling of the Kondo interaction,
with two almost independent Kondo systems weakly interacting among themselves. The formation
of magnetic moments and the development of a full Kondo effect depends on the charge state of the
graphene layer.
Introduction.— Since the low-temperature magnetic
phase transition of metals with magnetic impurities di-
luted in was explained by Kondo1 in the middle of the
past century, the theoretical framework has been exten-
sively developed.2–6 Over time, the problem has been
extended, particularly with the discovery of the multi-
channel Kondo effect8 and the study of the interactions
between two magnetic impurities.9,10 In carbon 2D mate-
rials, a double degeneracy appears in spin and orbital mo-
mentum. This double degeneracy allows the emergence
of a symmetric SU(4) Kondo effect with a strong coupling
between the spin and orbital degrees of freedom.11–14
The special condition of graphene, positioned halfway
between metals and semiconductors, appears as an ap-
pealing scenario for Kondo physics. Its linear disper-
sion relation, and the ease to tune its chemical potential
are important elements too.15–18 Atomic vacancies in the
graphene lattices were the first system in which mag-
netic transitions were founded.19 The relaxation of the
lattice around the vacancy can be solved changing the
vacancy by an hydrogen impurity localized on top site.20
The strong coupling of the impurity and the carbon
atom generates a localized magnetic moment by the sub-
traction of one electron from the Fermi sea.21 Magnetic
molecules22 offer an easy way to study the magnetic inter-
action between graphene and localized spin moments due
to its clear magnetic properties. Functionalized hybrid
of graphene and one of this molecules, [Fe4(L)2(dpm)6],
shows interesting properties for the study of the magnetic
phase transition.24
In this work we describe in detail the interactions
between a magnetic molecule and graphene. The
interplay between the different degrees of freedom of
the graphene electrons (valley, pseudospin, and spin)
with the projection of the angular momentum and the
spin of the electrons in the molecule leads to a channel
selectivity of the coupling. The type and number of the
channels that can tunnel to the molecule depends on
the site that the molecule occupies on the lattice. If
the molecule is in the center of the hexagon just two
independent combinations of valley, pseudospin and
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FIG. 1: a, Schematic representation of an impurity on hol-
low position, at the center of the graphene hexagon. In our
case we model the molecule by considering only the near-
est Fe ion (Fe2). b, Scheme of the molecular core of the
[Fe4(L)2(dpm)6]. The Fe ions (black) are coupled via pairs
of oxygen atoms (red). Hydrogen atoms and most external
carbon atoms have been omitted for clarity.
spin lives in. Each one and each subspace are tunnel
coupled to the two relevant orbitals of the Fe(III) ion in
the core of the molecule, giving rise to a double single-
channel Kondo effect, as we observe the absence of the
Ruderman-Kittel-Kasuya-Yoshida (RKKY) interaction
between the two orbitals of the molecule, due to the
independence of the electronic channels involved.
The model.— We consider a graphene sheet described
by a nearest neighbor hopping Hamiltonian
HG = −t
∑
〈i,j〉,s
a†s,ibs,j + h.c., (1)
where a, b are fermionic operators that annihilate an elec-
tron with spin s =↑↓, on sublatices A and B, respectively,
and t ∼ 2.7 eV is the hopping energy between next near-
est neighbors. In momentum space hopping between ak
and bk is specified by γk = −t
∑
i e
ik·cj , with c1 = xˆ/
√
3,
c2 = −(xˆ +
√
3yˆ)/(2
√
3), c3 = (−xˆ +
√
3yˆ)/(2
√
3),
nearest-neighbors vectors. Expansion of γk around the
Dirac points ±K = (0,±2pi/3) produces the celebrated
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2graphene Dirac Hamiltonian.
We then consider a single-molecule-magnet (SMM),
[Fe4(L)2(dpm)6]
22,24 added on top of the graphene sheet.
It is a molecule with a S = 5 spin moment due to the
four Fe(III) ions in its core25, and it is well described by
the Hamiltonian24
HSSM =
4∑
i=2
Jmol (S1 · Si) +
∑
〈i,j〉(i,j 6=1)
J ′mol (Si · Sj) ,
(2)
where Jmol and J
′
mol are the exchange couplings between
nearest and next nearest Iron atoms, respectively. Si are
the S = 5/2 spin matrices describing the spin of each iron
ion. As shown in Fig.1, Fe1 is one ion surrounded by the
other three. The coupling Jmol > 0 is antiferromagnetic
whereas the coupling J ′mol < 0 is ferromagnetic, with|J ′mol|  Jmol. This way, the three outer ions, Fe2,3,4
anti align with respect to the central ion Fe1.
Since the distance of the graphene sheet to the ion
Fe2 is more than twice smaller than the distance to the
other ions, the tunneling from graphene to the molecule
involves only the ion Fe2, see Fig. 1. We then focus on
Fe2 and consider the effect of other three ions by their
contribution in the energy levels of Fe2. Fe(III) has five
electrons distributed in five spin-degenerate outer most
d-orbitals. In the S = 5/2 state, all five d-orbitals are
singly occupied and the spin of the ion can be described
as the sum of five localized spin 1/2. The Hamiltonian
of the ion Fe2 reads
HFe2 =
∑
m,s
m,sd
†
m,sdm,s +HU , (3)
where dm,s are fermionic operators describing the five d-
orbitals, m,σ their associated energies, m is the angular
moment projection of the different states of angular mo-
mentum l = 2. The symmetry of the system, (C3v), shifts
the energy of the orbitals of the Fe(III) ion creating two
pairs of degenerate states with the same |m| 6= 0. In the
case of the Fe (III) ions the lowest levels are the doublets
d± = (dx2−y2 ± idxy)
√
2.
The electrostatic repulsion between the Fe(III) elec-
trons is measured by Umm′ , and the exchange energy
Jmm′ , between the localized electrons in different or-
bitals.
HU =
∑
m,m′
Um,m′ nˆm,↑nˆm′,↓
+
1
2
∑
s
∑
m 6=m′
(Um,m′ − Jm,m′) nˆm,snˆm′,s.
(4)
where nˆm,s = d
†
m,sdm,s. For simplicity we are going to
consider Umm = Umm′ and Jmm = Jmm′ .
Tunneling Hamiltonian.— The most stable position for
atoms such as Fe on a graphene lattice is at the center
of the hexagons, the hollow site28–30, which is the case
that we will consider here. For the hollow position the
FIG. 2: Diagram of the energies of the different states consid-
ered for the Fe(III) ion, including the splitting due to ligand
fields due to the environment. a, The energy splitting due
to the spin flip of the |m| = 2 electrons is negligible. We
consider the other three orbitals as frozen and as their Sz is
not relevant for the energy of the system we neglect it. b,
The system can be described by the eight states shown in the
figure. Double occupied states lie at higher energies.
Hamiltonian describing the tunneling between the local-
ized states of the impurity and the conduction electrons
of graphene can be generically written as
HV =
∑
m,s
3∑
i=1
[
V ma,ia
†
s(ai) + V
m
a,ib
†
s(−ai)
]
dm,s + h.c., (5)
where V mc,i (c = a, b) are tunneling matrix elements be-
tween the localized states with angular momentum m
with each of the six carbon atoms surrounding the hol-
low position. These can be specified by a unique Slater-
Koster-like matrix element V . States with m = ±2 on
the Fe ion are invariant under Cz∞, and that the tunnel-
ing process selects combinations of ak and bk that are
Cz3 invariant. This yields a selectivity between angular
momentum m, sublattice and valley.27 By expanding the
expression around the Dirac points the tunneling Hamil-
tonian takes the form,
HV =
V√
2
∑
k
d†+(ak,K + bk,K′) + d
†
−(ak,K′ + bk,K) + H.c.,
(6)
where a factor 3/
√
2 has been reabsorbed in V and the
spin label has been suppressed, as the tunneling conserves
the spin. This expression can be considered as a low
energy expansion around the Dirac point of graphene, in
powers of the electron energy, /W , where W is the width
of the pz band in graphene. Corrections to the couplings,
as the momenta of the graphene states deviates from the
Dirac point are neglected.
The tunneling term connects the graphene states only
with |m| = 2 orbitals of Fe2. The ground state confi-
guration of the Fe ions consists in five electrons with the
same Sz = ±1/2, the ground state has S = 5/2, and the
3first excited states with S = 3/2, 1/2 are 7 and 11 meV
above the ground state22. The states with integer Sz are
much more energetic, as schematically depicted in Fig. 2.
Due to the small difference between the four low-energy
states, we can neglect the splitting between them, and
consider all of them as degenerate. This assumption im-
plies that the energy required to flip the spin of a given
orbital is negligible. We keep, on the other hand, the
crystal field splitting between orbitals with different val-
ues of |m|, of order 1470 cm−1 ≈ 0.18 eV22. Hence, the
interaction between the graphene electrons and the Fe2
ion is through the atomic orbitals of energy closest to
the Dirac point of graphene, which we assume to have
m = ±2 (the calculations are equivalent for m = ±1).
We now diagonalize the graphene Hamiltonian around
the Dirac points and introduce eigenoperators ck,β,τ,s =(
ak,τ,s + βτe
iτθkbk,τ,s
)
/
√
2, with tan θk = ky/kx, β =
± distinguishing between valence and conduction bands,
and τ = ± indexing the valley. The Hamiltonian of the
Fe2 ion and the graphene electrons reads
H0 =
∑
k,s,τ,β
β,kc
†
k,β,τ,sck,β,τ,s +
∑
m=±2,s
0d
†
m,sdm,s
+
U
2
Nd (Nd − 1) . (7)
The form of the tunneling suggests the introduction
of two new fermionic operators representing the two
independent combinations of sublattice and valley
appearing in Eq. (6), Ck,α,s =
∑
β,τ A
α
β,τ ck,β,τ,s.
The tunneling term in the new basis reads
HV = V
∑
k,α,s C
†
k,α,sdα,s + H.c., where the two m
orbitals have been relabelled as α = L,R = ±127, in
analogy with a double-dot configuration.
Effective low-energy model.— In order to see the con-
ditions for which the hopping to graphene can quench
this localized moment, we derive an effective spin-spin
coupling between the graphene electrons and the Fe2 ion
via eliminating the tunneling at first order through the
well known Schrieffer-Wolff transformation23. The lat-
ter consists in defining a new Hamiltonian H˜ that is
obtained via a unitary transformation H˜ = eSHe−S =
H + [S,H] + 12 [S, [S,H]] + . . . , with S an anti Hermitian
operator on order of the tunneling HV . By requiring
[H0, S] = HV , (8)
the tunneling Hamiltonian HV is eliminated at first or-
der. By further truncating the expansion at second order
the effective Hamiltonian reads
H˜ = H0 +
1
2
[S, V ]. (9)
In this problem the existence of different interacting elec-
trons in the ion adds a non-trivial difficulty. Given the
form of HV , the operator S is given by the following ex-
pression
S =
∑
ij,α,µ,τ,k,s
V αµτPid
†
α,scµ,τ,k,sPj
0 + (i+ j − 1)U − µ,k −H.c.. (10)
where V αµτ = V A
α
µτ and Pi are the projector operators
for the double dot system that satisfy
∑
i=0,4 Pi = 1,
with i labelling the number of electrons in the double
dot. The correction to the unperturbed Hamiltonian H0
is composed by several terms and takes the form
H ′ =
1
2
[S,HV ] = HK +Hch +Hmix +HC . (11)
The result consists in a Kondo term and a charge term,
plus a mixing term and a Cooper term. The latter is
composed by terms like c†c†dd, that we discard. The
Hamiltonian H ′ needs to be projected onto the desired
subspace, that for the present problem is the double oc-
cupancy subspace. Therefore, a further step is carried on
as H ′ → P2H ′P2.
Effective Kondo Model.— The double occupancy sub-
space is in turn composed by states with one electron per
dot and states with two electrons in one dot and zero in
the other. However if we consider instead of the equal re-
pulsion interaction for the intra-orbital and inter-orbital
case that one in which, Um,m  Um,m′ with m′ 6= m, we
can neglect the double occupancy cases. We then carry
on a second projection as H ′ → P1LP1RH ′P1LP1R =
HK +Hch. Introducing a cumulative index µ ≡ {µ, τ,k},
the full effective Kondo Hamiltonian reads
HK = −
∑
αµµ′
Jαµ,µ′
2
[
c†µ′↓cµ↑d
†
α↑dα↓ + c
†
µ′↑cµ↓d
†
α↓dα↑
+
1
2
(c†µ′↑cµ↑ − c†µ′↓cµ↓)(d†α↑dα↑ − d†α↓dα↓)
]
, (12)
with the coupling constant given by
Jαµ,µ′ = V
α
µ (V
α
µ′)
∗
[
1
0 + 2U − µ +
1
0 + 2U − µ′
]
− V αµ (V αµ′)∗
[
1
0 + 4U − µ +
1
0 + 4U − µ′
]
.(13)
The Kondo Hamiltonian is still quite involved at this
stage, as it mixes different bands and couples different
channels. However, close to the Dirac point we have that
β,k  0, U and we can safely neglect the energy de-
pendence in the coupling. This procedure highly simpli-
fies the expression and highlights the channel selectivity
contained in the tunneling Hamiltonian HV . Due to de-
structive interference the two orbitals L and R separately
couple to two independent channels in the valley and sub-
lattice space.
At the Dirac points at K and K ′ we define the
graphene eight-component spinor Ψk and the iron 2-
component spinor Ψ†α = (d
†
α,↑, d
†
α,↓). The expression for
the Kondo Hamiltonian reads
HK = −J
∑
k,k′,α
Ψ†kΣαsΨk′ ·Ψ†αSαΨα, (14)
4where s and Sα are the spin 1/2 Pauli matrix vectors of
graphene and of the different orbitals (α = L,R) of the
iron.27 The operators Σα=L,R are given by
ΣR = 1− σzτz + σxτx + σyτy, (15)
ΣL = 1 + σzτz + σxτx − σyτy, (16)
with σi, τi, sublattice and valley Pauli matrices, and
define two independent channels in sublattice and val-
ley space, ΣLΣR = 0. We then see that close to the
Dirac point a channel decoupling takes place and the
two iron orbitals couple to different subspaces of the
graphene Hamiltonian, yielding a double single-channel
Kondo Hamiltonian. The coupling constant J reads
J =
4V 2
(0 + 2U)(0 + 4U)
, (17)
in complete analogy with the original Kondo Hamiltonian
derived by Schrieffer and Wolff from the single impurity
Anderson model23. The sign of the coupling is negative
for 0 + 2U < 0, that is assumed to be the ground state
energy of the doubly occupied double dot problem, so
that the overall Kondo spin-spin interaction is antiferro-
magnetic.
In addition to the Kondo term, Eq.(14), the spin inde-
pendent part of the coupling can be written as
Hch = −
∑
k,k′,α=±
[
W +
J
4
Ψ†αΨα
]
Ψ†k(1 + ασzτz)Ψk′ ,
(18)
with W = V 2/(0 + 4U) and α = ± applying to L and
R, respectively. This term does not affect the spin of the
itinerant electrons in graphene.
For completeness, we note that there is a third term,
Hmix, which takes into account the mixing between the
two channels. This term arise when projecting on the
subspace with double-occupancy in one orbital and zero
occupancy on the other and is suppressed,
Hmix =
∑
k,k′
J ′ (αx(σx + τx) + αy(σyτz + σzτy)) , (19)
where α+ = d
†
LdR, α− = d
†
RdL and α± = (αx ± αy)/2
and the coupling at the Dirac point is given by
J ′ = V 2
[ −1
0 + 4U
+
1
0 + 2U
]
. (20)
One can see how this term does not include spin-flip pro-
cesses.
RKKY interaction.— Finally, we look at the possibil-
ity that the graphene electrons mediate an effective in-
teraction between the L and R spins through the RKKY
interaction. Considering that the two spins sit at the
same spatial position, the RKKY interaction at second
order in the coupling J reads
HRKKY =
∑
µ,ν
χµ,ν Sˆ
L
µ Sˆ
R
ν , (21)
with µ, ν = x, y, z labelling the spin components and with
the effective spin-spin susceptibility χµ,ν defined as
χµ,ν =
∑
k,k′
J2
1
β
∑
iωn
Tr
[
ΣLsνG
0
ωn,kΣRsµG
0
ωn,k′
]
. (22)
Having neglected the dependence of J on the momen-
tum, integration of the graphene Green’s function over
momentum rules out its matrix structure and we are left
with
χµ,ν ∝ Tr[sµΣLsνΣR] = 0, (23)
where the last equality follows from the orthogonality
of the two channels defined by ΣL,R. We then conclude
that the model Eq. (14) effectively described two inde-
pendent single-channel Kondo Hamiltonians.
Discussion.— To summarize, we have studied the in-
teraction between graphene and a molecular magnet. We
have focused in the most stable and symmetric case, with
the core of the molecule being at the center of a graphene
hexagon. The leading coupling, Eq. (14), shows two
Kondo couplings involving the m = ±2 orbitals in the
iron ion nearest to the graphene layer. These two Kondo
systems involve different combinations of valley and sub-
lattice indices in the graphene layer. Exactly at the Dirac
point, the vanishing density of states of graphene makes
the Kondo coupling irrelevant, although two Kondo sin-
glets will be formed for sufficiently large values of the cou-
pling J . Away from the Dirac point, the Kondo coupling
becomes marginally relevant, and, at the same time, an
effective coupling between the two Kondo systems will
develop through the graphene electrons. These two ef-
fects are of comparable strength, and they can lead to a
rich phase diagram. The nature of the most stable phases
depends on details at the atomic scale outside the scope
of this work.
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I. SUPPLEMENTARY MATERIAL
A. Tunneling Hamiltonian
We consider orbitals dx2−y2 and dxy in the hollow po-
sition and allow a tunneling matrix element V with the
underlaying pz orbitals on the hexagon. The Hamiltonian
reads
HV = V d
†
x2−y2
∑
α=a,b
[
α1 + α2 cos
pi
3
+ α3 cos
2pi
3
]
+ V d†xy
∑
α=a,b
[
α2 sin
pi
3
+ α3 sin
2pi
3
]
+ H.c. (24)
Introducing d± = (dx2−y2 ± idxy)/
√
2 we have
HV =
1√
2
d†±
∑
α=a,b
(α1 + e
∓2pii/3α2 + e±2pii/3α3)H.c.+
(25)
In momentum space around the Dirac point we have
HV =
1√
2
d†±ak,τ (1 + e
2pii(τ∓1)/3 + e−2pii(τ∓1)/3)
+
1√
2
d†±bk,τ (1 + e
2pii(τ±1)/3 + e−2pii(τ±1)/3) + H.c.
(26)
so that the orbital valley and sublattice selectivity ap-
pears as an interference effect. We can define two inde-
pendent fermionic operators
Ck,L =
1√
2
[ak,K + bk,K′ ] , (27)
Ck,R =
1√
2
[ck,K′ + bk,K ] . (28)
B. Schrieffer-Wolff transformation
We look for an operator S that satisfies
[H0, S] = HV (29)
We introduce a complete set of projector operators Pi
(satisfying P †i = Pi and P
2
i = Pi) for the double dot
system that satisfies
∑
i=0,4 Pi = 1. Explicitly they are
6given by
P0 = P0LP0R,
P1 = P1LP0R + P0LP1R,
P2 = P2LP0R + P1LP1R + P0LP2R,
P3 = P2LP1R + P1LP2R,
P4 = P2LP2R,
(30)
where P1,α = nα↑(1−nα,↓)+nα↓(1−nα,↑) and so on (we
need all of them).
We write the tunneling Hamiltonian as
HV =
∑
α,γ,s
V αγ d
†
α,scγ,s + H.c.
where γ ≡ {β, τ,k} is a cumulative label that includes
the band label, the valley and the momentum.
Given the form of HV , the operator S is given by the
following expression
S =
∑
ij,α,γ,s
V αγ
Pid
†
α,scγ,sPj
0 + U(i+ j − 1)− γ −H.c.. (31)
Proof: given that [Pi, cγ,s] = 0, we have
[H0, S] =
∑
ij,α,γ,s
V αγ
[H0, Pid
†
α,scγ,sPj ]
0 + U(i+ j − 1)− γ + H.c.
=
∑
ij,α,γ,s
V αγ
[H0, Pid
†
α,sPj ]cγ,s
0 + U(i+ j − 1)− γ
+
∑
ij,α,γ,s
V αγ
Pid
†
α,sPj [H0, cγ,s]
0 + U(i+ j − 1)− γ + H.c..
We then have that
[H0, Pid
†
α,sPj ] = Pi
[
0d
†
α,s + U(Nˆd
†
α,s + d
†
α,sNˆ−d†α,s)
]
Pj
= Pi
[
0d
†
α,s + U(i+ j − 1)d†α,s
]
Pj
= (0 + U(i+ j − 1))Pid†α,sPj
and
[Pidα,sPj , H0] = Pi
[
0dα,s + U(Nˆdα,s + dα,sNˆ−dα,s)
]
Pj
= Pi [0dα,s + U(i+ j − 1)dα,s]Pj
= (0 + U(i+ j − 1))Pidα,sPj
(32)
where we used PjNˆ = NˆPj = jPj being [Nˆ(Nˆ −
1), d†α,s] = Nˆ [Nˆ , d
†
α,s] + [Nˆ , d
†
α,s](Nˆ − 1) and [Nˆ(Nˆ −
1), dα,s] = −Nˆ [Nˆ , dα,s]− [Nˆ , dα,s](Nˆ−1). It follows that
[H0, S] =
∑
ij,α,γ,s
V αγ
(0 + (i+ j − 1)U)Pid†α,sPjcγ,s
0 + U(i+ j − 1)− γ
−
∑
ij,α,γ,s
V αγ
γ,sPid
†
α,sPjcγ,s
0 + U(i+ j − 1)− γ + H.c.
=
∑
ij,α,γ,s
V αγ Pid
†
α,sPjcγ,s + H.c.
=
∑
α,γ,s
V αγ d
†
α,scγ,s + H.c.
where in the last equation we used
∑
i Pi = 1. The ef-
fective Hamiltonian now takes the form Heff = H0 +H
′,
with
H ′ =
1
2
[S, V ]. (33)
C. Effective Hamiltonian in the P2 subspace
Out of the four possible combinations arising from the
commutators we neglect terms like d†d†cc and ddc†c†.
We then have
H ′ =
1
2
∑
ij,α,µ,s
V αµ (V
β
ν )
∗ [Pid
†
α,scµ,sPj , c
†
ν,s′dβ,s′ ]
0 + U(i+ j − 1)− µ
− 1
2
∑
ij,α,µ,s
(V αµ )
∗V βν
[Pjc
†
µ,sdα,sPj , d
†
β,s′cν,s′ ]
0 + U(i+ j − 1)− µ (34)
We notice that
[Pid
†
α,scµ,sPj , c
†
ν,s′dβ,s′ ] = Pid
†
α,sPjdβ,sδµ,νδs,s′
− c†ν,s′cµ,s
{
Pid
†
α,sPj , dβ,s′
}
(35)
where {A,B} = AB + BA. The first term renormalizes
the energy of the dots and the second term gives us the
desired interaction term,
H ′ = −1
2
∑
ijαµs,βνs′
V αµ (V
β
ν )
∗c†νs′cµs
×
[ {Pid†αsPj , dβs′}
0 + U(i+ j − 1)− µ +
{Pjdβs′Pi, d†αs}
0 + U(i+ j − 1)− ν
]
(36)
The term Pid
†
α,sPj and Pjdβ,s′Pi can be non-zero only
if i = j + 1. Due to the fact that our ground state is
described by a 2 electrons occupancy, we are going to
focus in that case. In other words, we project the effective
Hamiltonian on the subspace with occupancy 2, with one
electron per dot. This is done in two steps,
H ′ → P2H ′P2 → P1LP1RH ′P1LP1R, (37)
7The first step selects intermediate states with j = 1, 2,
so that we have
H ′ = −1
2
∑
αµs,βνs′
A
(1)
αµ,βνc
†
νs′cµsP2d
†
αsP1, dβs′P2
− 1
2
∑
αµs,βνs′
A
(2)
αµ,βνc
†
νs′cµsP2dβs′P3d
†
αsP2, (38)
where
A
(j)
αµ,βν = V
α
µ (V
β
ν )
∗
[
1
0 + 2Uj − µ +
1
0 + 2Uj − ν
]
,
(39)
In the second step we operate with P1LP1R from the
left and the right of H ′. The following relations hold
PL1PR1d
†
αsP1, dβs′PL1PR1 = δαβP1α¯d
†
αsdαs′ (40)
PL1PR1dβs′P3, d
†
αsPL1PR1 = δαβP1α¯P1αdαs′P2αd
†
αsP1α
= δαβP1α¯(1− d†αsdαs′) (41)
The second expression generates a term that renormalizes
the graphene’s electron energy. Collecting the different
terms we find
H ′ = −1
2
∑
αµs,νs′
(A(1)αµ,αν −A(2)αµ,αν)c†νs′cµsd†αsdαs′
− 1
2
∑
αµs,νs′
A(2)αµ,ανc
†
νs′cµs (42)
where we set P1α¯ = 1. We can reorder the expression as
H ′ = HK +Hch, (43)
where the Kondo term is given by
HK = −
∑
µµ′
Jαµ,µ′
2
[
c†µ′↓cµ↑d
†
α↓dα↑ + c
†
µ′↑cµ↓d
†
α↑dα↓
+
1
2
(c†µ′↑cµ↑ − c†µ′↓cµ↓)(d†α↑dα↑ − d†α↓dα↓)
]
, (44)
with Jαµµ′ = A
(1)
αµ,αµ′ −A(2)αµ,αµ′ and the charge term Hch
reads
Hch = −
∑
α,µµ′,ss′
c†µ′scµs
[
Wαµ,µ′ +
Jαµ,µ′
4
d†αs′dαs′
]
. (45)
with Wαµµ′ = A
(2)
αµ,αµ′/2.
Analogously, it is possible to derive the effective Hamil-
tonian in the P2LP0R+P0LP2R subspace, staring from the
expression Eq. (33) and performing the following steps
H ′ → P2H ′P2 → (P2LP0R + P0LP2R)H ′P1LP1R (46)
D. Channel decoupling
Neglecting the momentum dependence of the coupling
J , the Kondo Hamiltonian acquires a particularly simple
form
HK = −J
2
∑
k,k′,α,s
C†αk′s¯Cαksd
†
αsdαs¯
− J
4
∑
k,k′,α,s,s′
ss′C†α,k,sCα,k′,sd
†
αs′dαs′ , (47)
In the base of the graphene sublattice operators a, b, is
the two independent Kondo terms are given by
HLK = −
J
8
∑
k,k′,ss′
ss′(a†K,s + b
†
K′,s)(aK,s + bK′,s)nL,s′
− J
4
∑
k,k′,α,s
(a†K,s¯ + b
†
K′,s¯)(aK,s + bK′,s)d
†
L,sdL,s¯, (48)
HRK = −
J
8
∑
k,k′,α,ss′
ss′(a†K′,s + b
†
K,s)(aK′,s + bK,s)nR,s′
− J
4
∑
k,k′,α,s
(a†K′,s¯ + b
†
K,s¯)(aK′,s + bK,s)d
†
R,sdR,s¯. (49)
We can see how each orbital (L and R) is coupled with a
different channel in graphene.
